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In this paper, we study the behaviour of Hilbert-Kunz multiphcities (abbrevi- 
ated henceforth to HK multiphcities) of the reductions to positive characteristics 
of an irreducible projective curve in characteristic 0. 

For instance, consider the following question. Let / be a nonzero irreducible 
homogeneous element in the polynomial ring Z[Xi, X2, . . . , X^], and for any prime 
number p E Z, let Rp = Z/pZ[Xi,X2, . . . ,Xr]/{f) (this is the homogeneous 
coordinate ring of a projective variety over Z/pZ)). Let HK{Rp) denote the 
Hilbert-Kunz multiplicity of Rp with respect to the graded maximal ideal. Then 
one can ask: does limp^oo H K (Rp) exist? 

This question was first encountered by the author in a survey article [C], Prob- 
lem 4, section 5 (see also Remark 4.10 in [Bl]). This seems a difficult question in 
general, as so far, there is no known general formula for HK multiplicity in terms 
of 'better understood' invariants. There does not seem to even be a heuristic 
argument as to why the limit should exist, in general, in arbitrary dimensions. 

However in the case of a projective curve (equivalently 2 dimensional standard 
graded ring) over an algebraically closed field of characteristic p > 0, one can 
express HK multiplicity in terms of (i) "standard" invariants of the curve which 
are constant in a fiat family and (ii) normalized slopes of the quotients occur- 
ing in a strongly semistable Harder-Narasimhan filtration (HN filtration) of the 
associated vector bundle on the curve (see [Bl] and [Tl]). 

Hence, we may pose the question in the following more general setting. Given 
a projective curve X defined over a field k of char with a vector bundle V 
on X of rank r, there exists a finitely generated Z-algebra A, a projective A- 
scheme X^ such that Xa k = X, and coherent, locally free sheaves and 

EiA, • • • , EiA on Xa such that, for all closed points s G Spec A, ii Vg = Va^ k{s), 
and Ei(^s) = EiA ® k{s), then C E^s) C ■ ■ ■ C -Ei(s) C K is the HN filtration of 
Vs (we will give a detailed version of this in section 2). Choose St >0 such that 

C C . . . C Fi^,) C = 

is the strongly semistable HN filtration of Vs (see Definition I l.Tj) . Denote 

TiiVs) = rank(-^^^), /ii(K) = /i(^T^^), normalized slope ai{Vs) = Ml^. 

Let So G Spec A be the generic point of Spec A. Then the question is: 

(0.1) does Urn ri{Vs)ai{Vsf exist! 
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We approach the question as follows. Following the notation of [L], for a vector 
bundle \^ on a nonsingular projective curve X in characteristic p, we attach convex 
polygons as follows. Consider the HN filtration 

= EoCEi--- cEiC Ei+i = V. 

of V. For A; > 0, consider the HN filtration 

= Fo C Fi ■ ■ ■ C C Fi+i = F'^V 

of the iterated Frobenius pull back bundle F'^*V. Let P{Fi) = (rank Fi, deg Fi/p^) 
in M^. Let HNPpk {V) be the convex polygon in obtained by connecting P(Fo), 
. . ., P(Ff+i) successively by line segments, and connecting the last one with the 
first one. 

Let p > 4(genus(X) — l)(rank V)^. Then we prove fLemma II. 6|) that the 
vertices of HNPpk-i(y) are retained as a subset of the vertices of HNPpk{V) and 
hence HNPpk{V) D HNP{V). In particular, for k » 0, the HN filtration of 
the bundle F'^*{V) is strongly semistable, therefore Theorem 4.5 of [L] comes as 
a corollary, in this case. 

Now, for every vector bundle Fj of the HN filtration of F'^*(y), if we denote 
the slope of the line segment, joining P(Fj_i) and P{Fj), by fi{Fj)/p^, and if Ei 
denotes the unique vector bundle occuring in the HN filtration of V such that Fj 
'almost descends to' Ei (see Definition II. lOj) . then we prove (Lemma II. 12j) that 

fi{Fj)/p' = f^{E,)+0 

Hence limp^oo Area HNPpk{V) = Area HNP{V). In both Lemmas fTHl and (TT^ 
we make crucial use of a result from the paper [SB] of Shepherd-Barron. 
Now, following the notation set up for the question 10. H we get 

a,(K) = ^^ = Mi^.w)+oQ, 

where p = characteristic k{s). From this we conclude fProposition 12. 2p that the 
question 10. II has an affirmative answer. 

In particular the Hilbert-Kunz multiplicities of the reductions to positive char- 
acteristics of an irreducible projective curve in characteristic have a well-defined 
limit as the characteristic tends to oo. This limit, which is (relatively) an easier 
invariant to compute, is a lower hound for the HK multiplicities of the reductions 
(mod p), though examples of Monsky show that the convergence is not monotonic 
as p — cxD, in general (see Remark l2.6p . 

1. THE HN SLOPE OF F*V IN TERMS OF THE HN SLOPE OF V 

Let X be a nonsingular projective curve of genus > 1, over an algebraically 
closed field k of characteristic p > 0. We recall the following definitions. 

Definition 1.1. (1) Let \^ be a vector bundle on X. We say is a semistable 
vector bundle on X if, for every subbbundle F C \/, we have 

m := < ^^iV). 

rank r 
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Moreover 

(2) V is strongly semistable if F^*{V) is semistable for every s^^ iterated power 
of the absolute Frobenius map F : X X. 

Definition 1.2. Let be a vector bundle on X. A filtration of V by vector 
subbundles 

(1.1) = EoCEiC---CEiizEi+i = V 

is a Harder- Narasimhan filtration if 

(1) the vector bundles Ei, E2/E1, . . . , Ei^i/Ei are all semistable. 

(2) > /i(^2/^i) > • • • > M+,/Ei). 

Remark 1.3. For any Harder-Narasimhan filtration (we would call it HN fil- 
tration from now onwards), denoted as in II. If the following is true (see [HN], 
Lemma 1.3.7), 

(1) the filtration is unique for V, 

(2) /i(Ei) > /i(E2) > ■ ■ ■ > /i(E,+i) = /i(K), 

(3) fx{Ei/Ei_i) > fx{V) > fx{Ei+i/Ei), for some l<i<k. 
Notation 1.4. If 

= C ^1 C ^2 C ■ ■ ■ C C Ei+i = V 
is the HN filtration for a vector bundle V on X then we denote 

fJ.{Ei) = fl (^-^^^ ' yUmax(^) = yU(-El) and /imin(^) = /i 

Lemma 1.5. Let V be a vector bundle over X of rank r and let 

= Eo C El C E2 C---C El cEi+i = V 
be the HN filtration ofV. Let /ij = fi{Ei/ Ei_i) . Then 

o r — 1 



Proof. Let us denote fj = rank Ei/Ei^i and di = deg Ei/Ei^i. Then 

r — 1 r — 1 (r — l)fjfj+i 

fj.i-fj.i+1 di/fi - di+i/fi+i difi+i-di+ifi 

But 

Hi - Hi+i > =^ «iifi+i - di+ifi > =^ difi+i - di+ifi > 1. 
Therefore 

r — 1 _ o 
< (r — l)rjrj_|.i < r . 



This proves the lemma. □ 
Now we prove the following crucial lemma. 
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Lemma 1.6. Let V be a vector bundle on X as in Lemma \l.5l Assume that 
char./c = p > 4:{g — l)r^ . Then, 

F*Ei C F*E2 C • ■ ■ C F*Ei C F*V 

is a subfiltration of the HN filtration of F*V , that is, if 

C ^1 C ■ ■ ■ C Ei,+, = F*V 

is the HN filtration of F*V then for every 1 < i < I there exists 1 < jj < h such 
that F*Ei = Ej^. 

Proof. For each < i < / + 1, let 

F*Ei C Eii C • ■ ■ C Eit^ C F*Ei^i 

be a filtration of vector bundles on X such that 

Ejo F*EjA.-\ 
c — — c — — c ■ ■ ■ c — 

F*Ei F*Ei F*Ei 

is the HN filtration of F* {EiJ^i / Ei) . Now it is enough to prove the 
Claim. 

C Eoi C ■ ■ ■ C Eoto C F*Ei C ■ ■ ■ C F*E, C Ea C ■ ■ ■ C Eu^ C C ■ ■ ■ C F* 

is the HN fihration of F*V. 

Proof of the claim . By construction, for < i < / and for 1 < j < tj, we have 



Ei{j-i)J V F, 



and 



Fij F*Ei ^ Eii 



and 



Fi(j-i) Fi{t^_i) F*Ei 



are semistable. Hence, by Definition 11.21 it is enough to prove that 

/ F*E, \ f Ea 
7^ > 



Now, by Corollary 2^ of [SB], we have 

Fi+l \ r^* / Fi^l 



(1.2) < fi^a.F* (^-^J - \^^] <{2g-2){r- 1). 

By Remark 11.31 for all < z < Z, we have 

Therefore 



z? / — \ z? /' — \ z? 



< /i„.a.F* - /.(F* ) < (2^7 - 2)(r - 1), 

which means 

(1-3) °-^(:^) -P/^m<(2^7-2)(r-l). 
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Similarly 



< f^{F* { ) - (-1^ ])<{2g-2){r- 1) 



which means 

(1.4) 0<p^i^-^I (^^) < (2^7 - 2)(r - 1). 

Now, multiplying ()1.3|) and p.4|) by —1 and adding, we get 

f F*Ei \ ( Eii 

(1.5) -4:{g-l){r-l)+p{fii-fii+i) < fx — -/i — ^ ) <p{Hi-Hi+i] 



,Ei-it^_^J \F*E,, 
Since p > A{g — l)r^. Lemma fl . 51 implies that 

-4(5 - l)(r - 1) + p(/i, - fXi+i) > 

and hence 

F*Ei \ ( Eii 



This proves the claim, and hence the lemma. □ 
Definition 1.7. A filtration by subbundles 

= EoC EiC ■■■ C EiG Ei+i = V 

of y is a strongly semistable HN filtration if 

(1) it is the HN filtration and 

(2) El, E2/ El, . . . , Ei+i/Ei are strongly semistable vector bundles. 
Remark 1.8. If the HN filtration 

= EoCEiC ■■■ CEiC Ei+i = V 
of V is strongly semistable then, for any k > 0, the filtration 

= C F''*Ei C ■ ■ ■ C F''*Ei C F''*Ei+i = F''*V 
is the strongly semistable HN filtration of F^*V. 

Remark 1.9. Note that, if rank V = r and char k = p > 4{g — l)r^, then 
Lemma fl . (il implies that there exists s > such that the HN filtration of F^*V is 
strongly semistable. Therefore, Theorem 4.5 of [L] follows in this case. 

Definition 1.10. Let E he a vector bundle on X. A vector bundle Fj 7^ 
occuring in the HN filtration of F^*E is said to almost descend to a bundle En 
occuring in the HN filtration of E if Fj C F^*Eii and En is the smallest bundle 
in the HN filtration of E, with this property. 

Remark 1.11. Note that, if p > 4 ((7 — 1) (rank EY , then by Lemma Fl.fjl we have 
the following transitivity property: ii k < s such that Fj almost descends to a 
bundle En in the HN filtration of F^'^~''^*E, and En almost descends to a bundle 
Eik occuring in the HN filtration of F'^*E, then Fj almost descends to the bundle 
Eik- 



6 V. TRIVEDI 

Lemma 1.12. Let E be a vector bundle on X of rank r and let the characteristic 
p satisfy p > A{g — l)r^. Let Fj be a subbundle in the HN filtration of F'^*E, 
which almost descends to a vector bundle Ei occuring in the HN filtration of E. 
Then 

— — = n{Ei) + -, 

pS — p 

where \C\ < 4:{g — l)(r — 1) and fJ.{Fj) is as defined in Notation \1.4\ 

Proof. Let -Fj-i be the vector bundle on X such that -Fj-i C Fj are two consec- 
utive subbundles of the HN filtration of F^*E. Therefore, by Lemma fl.6l there 
exist two consecutive subbundles -Ei^-i C Ei-^ in the HN filtration of F^^~^^*E 
such that 

C C F, C F*Ei,. 
In particular, we are in the situation that Ei^/Ei^^i is semistable on X and 

(1) either Fj^i/F*E,^_i = in F*{EijEi^_i), and Fj/F*Ei^_i is the first 
nonzero vector bundle in the HN filtration of F*{Ei^/ Ei^_i) or 

(2) Fj_i/F*Ei^_i C Fj/F*Ei^_i are two consecutive subundles in the HN 
filtration of F* {EJ Ei^^i) . 

In both the cases, by Definition 11.21 we have 

Therefore, Corollary 2^ of [SB] implies 

-2ig - l)(r - 1) < ^^iF,) - ^^ (f* (;^)) < ^id " l)(r - 1) 

Note that /i (F* {EiJ Ei-^^i)) = pfi{Eii). Therefore we have /i(-Fj) = p[i{Eii)+Ci, 
where ICil < 2(^- l)(r- 1). 

Note Ei-^ is a nonzero subbundle in the HN filtration of F^'^~^'>*E which almost 
descends to Ei occuring in the HN filtration of E. Hence, inductively one can 
prove that 

= V(^) + + ■ ■ ■ + C2, 

where IC2I, . . . , \Cs\ < 2{g — l)(r — 1). Therefore 

/£(F,) = + f-'Cs + ---+pC2 + Ci. 

Therefore 

u(F.) 1 

^ = f,{E,) + -if-'Cs + ---+PC2 + Ci). 

pS — pS 

But 

\{f-'C, + ...+pC, + C,)\<{l + ---+ f-'){2{g - l)(r - 1)). 
Since (1 + p + ■ ■ ■ + p^^^)/p'^^^ < 2, we have 

lpS-ic, + ...+pC2 + C,\ ^ 

< - l)(r - 1). 
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Therefore we conclude that 

— — = fi{Ei) + -, 

pS — p 

where \C\ < 4:{g — l){r — 1). This proves the lemma. □ 

Notation 1.13. Henceforth we assume that the characteristic p satisfies p > 
4:{g — l)r^. We also fix a vector bundle on X of rank r with the HN filtration 



and let 



= C El C ^2 C ■ ■ ■ C C Ei+^ = V, 



Hi{V) = ^ ( 77— ) and ri{V) = rank 



Let 

(1.6) C Fi C F2 C ■ ■ ■ C Ft C Ft+i = F''*V 

be the HN filtration, and let 

^i^iF'*V) = (^-^^ , niF''*V) = rank (^-^^ anda^F'^V) = p" V ^ 

Proposition 1.14. With the notation as above, where p > 4{g — l)r^, if a vector 
bundle Fj of the HN filtration of F''*V almost descends to a vector bundle Ei of 
the HN filtration ofV then, for any m>l, 

a^(F''*Vr = f^i{Vr + j, 

where \C\ < 8^r(?rMx{2|/ii|, . . . , 2|/i«|, 2}'"-i). 
Proof. By Lemma fl. 121 we have 

a,(F'=V) = /..(\/) + ^, 

where \Cij\ < 4:(g — l){r — 1). Therefore 

a^iF'^^vr-^.^ivr = (^'^y^{vr''a,+■ ■ ■+ i)'"^(^)cr'+ Q^*, 

Now, as \Cij\/p < 1, one can check that 



\a.(F''*Vr - fii{Vr\ < ^ 



5 

p 



where \C\ < 8gr{max{2\^i\, . . . , 2\^i\, 2}"^ This proves the proposition. □ 
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2. Applications 

We extend Notation II. 131 to the case, when the underlying field is of arbitrary 
characteristic, as follows. 

Notation 2.1. Let X be a nonsingular curve over an algebraically closed field k 
and V a vector bundle on X, with HN filtration 

= EoCEiC ...CEiC Ei+i = V. 

(1) If char A; = p > 0, then we define the numbers /ii(V^), Ti(V"), iJii{F^*V), 
ri{F^*V) and ai{F''*V) as in Notation 11.131 Moreover, we choose an 
integer s > such that F'^*{V) has a strongly semistable HN filtration 
and we denote 

aiiV) = aiiF'*iV)) and niV) = r,(F^*(r)) 

(note that, by Remark 11.81 these numbers are independent of the choice 
of such an s), 

(2) If char k = 0, define Zi{V) = fii{V) = fi{Ei/Ei^i), and n{V) = ri{V) = 
rank [Ei/Ei^i). 

Proposition 2.2. Let — ^ Spec A he a projective morphism of Noetherian 
schemes, smooth of relative dimension 1, where A is a finitely generated Z-algebra 
and is an integral domain. Let Ox^i^) be an f-very ample invertible sheaf on 
Xa- Let Va he a vector bundle on Xa- For s G Spec A, let Vg = Va ®a k{s) be 
the induced vector bundle on the smooth projective curve Xg = Xa ^a k{s). Let 
So = Spec Q{A) be the generic point of Spec A. Then, 

(1) for any k > and m > 0, we have 

j « 

(2) Similarly 

S—>Sq ' ' ' ' 

j i 

where in both the limits, s runs over closed points of Spec A. 

Proof. To prove the proposition, one can replace Spec A by an affine open subset. 
We may assume that the HN filtration {Ei} of Vs^ on Xs^ is defined on the model 
Va, and restricts to a filtration of Vg by submodules, for each s. Under this 
reduction, the slopes of the respective quotients are preserved. Finally, by an 
openness property of semistable vector bundles ([MaJ), we may assume (after 
localizing A if necessary) that the resulting filtration of Vg on Xg is the HN 
filtration of Vg. Therefore we can choose A such that, for any closed point s G 
Spec A, we have 

char k{s) > 4 (genus Xg - l)(rank K)^ = 4 (genus Xg^ - l)(rank Ko)^- 
Therefore, if denote 

M = 8(genus(X,J)r(Kj(max{2, 2|/xi(V;j|, . . . , l/x^Ko)!}""'), 
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then, by Proposition II .141 we have 

j:,r,{F^*Vx>AP''*VxJ"' = J:^r^iVxJ (^^^i^{VxJ"' + , where \Q\ < M 

where \Cs^. \ < r{Vsg)M. In particular, for every closed point s G Spec A, we have 
J2^^iVxJa,iVxT = J2'^iVxJ^^^iVxJ"' + ^, 

j i 

where \Cs\ < r(V"s(jM. Now the proposition follows easily. □ 

Corollary 2.3. Along with Notation \2.1\ if we denote (as defined in [B2]), 
for char /c > 0, fJ^HKiV) = > ^'^^ /^'^ "^^^^ k = 0, fiHKiV) = 

E,r,{V)fi,{V)', then 

lim HHxiVs) = HHKiVso). 

Proof. The corollary follows by substituting m = 2 in the second statement of 
Proposition O □ 

Let k be an algebraically closed field of characteristic 0. Let i? be a finitely 
generated N- graded two dimensional domain over k. Let / C -R be an homoge- 
neous ideal of finite colength. Then there exists a finitely generated Z-algebra 
A C k, a finitely generated N-graded algebra Ra over A and an homogeneous 
ideal Ia C Ra such that Ra ®a k = R and for any closed point s G Spec A {i.e. 
maximal ideal of A) the ring Rg = Ra ®a k{s) is a finitely generated N-graded 
2-dimensional domain (which is a normal domain if R is normal) over k{s) and 
the ideal Is = Im(JA (8>a k{s)) C Rs is an homogeneous ideal of finite colength. 

Moreover, if, for the pair {R,I), we have a spread [A, Ra, Ia) as above and 
A (Z A' G k, for some finitely generated Z-algebra A' then {A',Ra',Ia') satisfy 
the same properties as {A, Ra, I a)- Hence we may always assume that the spread 
{A, Ra, I a) as above is chosen such that A contains a given finitely generated 
algebra Aq C k. 

Theorem 2.4. Let R be a standard graded two dimensional domain over k. Let 
I G R be an homogeneous ideal of finite colength. Let {A, Ra, Ia) be a spread as 
given above. Then 

lim HKM{Rs,Is) 

exists, where Sq = Spec Q{A) is the generic point of Spec A, and the limit is 
taken over closed points s G SpecA. 

Proof. Let R — > S be the normalization of R. Then R — > is a finite graded 
map of degree 0, and Q{R) = Q{S), such that S" is a finitely generated N-graded 
2-dimensional normal domain over k. Now, for pairs {R,I), {S,IS), we choose 
spreads {A, Ra, Ia) and {A, Sa, ISa) such that for every closed point s G Spec A, 
the natural map Rs = Ra ® k{s) — ^ Ss = Sa ® k{s) is a finite graded map 
of degree 0. Therefore we have the following commutative diagrams of finite 
horizontal maps 
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Proj R < — Proj S 

I I 
Proj Ra < — Proj Sa- 

It follows that, for every s G Spec A, the corresponding map of curves 

Proj Ra ®a k{s) Proj Sa k{s) 
is a finite map, where the curve Proj Sa ®a k{s) is nonsingular. Therefore 
HKM{RsJs) = HKM{Ss,ISs), for every closed point s G Spec A. 
Therefore it is enough to prove the following 
Claim, hms^so HKM{Ss, ISs) exists. 

Proof of the claim : Let / and ISa be generated by the set {fi, ■ ■ ■ , fk}, where 
deg fi = di. We have a short exact sequence of Ox^-sheaves (see [Bl] and [Tl]): 

(2.1) O^Va^ ®l,OxA'^ - d^) OxA^) 

where OxA^ — d^) — > Cx^(l) is multiplication by /j. Restricting ()2.1|) to the 
fiber Xg, we get 

q^Vs = Va®a k{s) ©tiOx.(l - d,) Ox.(l) 0. 
Note that (see [Bl] and [Tl]), 

k 



HKM{Sg,ISg) = ^J"^ { Y,r^{Vs)a.{Vsr) 



1=1 



Therefore 



lim HKM{S,,IS,) = "^""^ ^'"^ ^ I lim VF,(V;)a,(V;)' -J^d 

\ i i=l 

which, by Proposition 12.21 exists. This proves the theorem. □ 

Remark 2.5. Let i? be a standard graded 2 dimensional domain over a field of 
characteristic 0. Let / C -R be a homogeneous ideal of finite co length. Then for 
the pair (-R, /) we choose a spread {A,Xa,Ia) as described earlier and define 

(2.2) HKM{R, I) = lim HKM{Rs, Q. 

This is, inherently, a well defined notion {i.e., irrespective of a choice of generators 
of /), since in positive characteristic HKM{Rs, Is) is independent of a choice of 
generators of J^. We extend this definition to a standard graded 2-dimensional 
ring R, over a field k of characteristic 0, and a homogeneous ideal / C of finite 
colength as 

HKM{R, I)= Yl iRARp)HKM{R/p, IR/p), 

pGSpeciijdim R/p=2 



k 



2 
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Note that a notion of HKM{R, /), when R is also a normal domain [i.e., Proj R 
is a smooth curve) over a field of characteristic 0, is given in [B2] as 

(2.3) HKM{R, I) = (^^,,(^) _ Y: , 

where V is the vector bundle given by 

(B^Ox{l - di) ^ Ox{l) 0. 

By Corollarv 12.31 these two definitions ()2.3|) and ()2.2|) coincide, in this case. 

Remark 2.6. It follows from Remark 4.13 of [Tl] that, for every closed point s 
in Spec A, where {A, Ra, I a) is a spread for the pair {R, I), we have 

HKM{RsJs) > HKM{R,I), 

and HKM{Rs, Is) = HKM{R, I) if and only if HN filtration of K is the strongly 
semistable HN filtration. Note that HKM{R, I) is a rational number, expressed 
in terms of the slopes of the subquotients of HN filtration of Vg. For example, 
when Vs is semistable then 

HKM{R,I) = deg(i?,)/2 (^(J^ d^? / (t - 1) - E^') " 

Remark 2.7. As observed in the above remark, 

{HKM{Rs, Is) - HKM{R, I) \ s e {closed points of SpecA}} 

is a sequence of positive rational numbers (indexed by the closed points), converg- 
ing to 0. The following example of Monsky implies that it could be oscillating. 
Let 

Rp = k[X, Y, Z]/{X^ + Y^Z + Z^X), where char.A; = p. 

Then 

HKM{Rp,{X,Y,Z)Rp) = 3 + if p = ±4(9) 

4|)^ 

= 3+4^, Hp ^±2(9) 

= 3, if p = ±1(9). 
Now, let Xp = Proj Rp. If we consider the short exact sequence 

Ox, © Ox, © Ox, Ox,{l) 0, 

where the second map is given by (/i, /s, fs) Xfi + F/a ± Z/3. 
We also recall the following result of [T2] 

Corollary 2.8. Let Xp = Proj {Rp = k[X,Y, Z]/{f)) be a nonsingular plane 
curve of degree d over an algebraically closed field k of characteristic p > 0. Then 

3rf P 

HKM{Xp, Ox,{l)) = HKM{Rp, {X, Y, Z)Rp) = - + 

where s > I is a number such that F^^~^^*Vx, is semistable and F^*Vxj, is not 
semistable (if F^*Vx, is semistable for all t > 0, we take s = 00) and I is an 
integer congruent to pd (mod 2) with < Z < d{d — 3). 
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This implies that in the example given above 

(1) if p = ± — 4(9) and p » then I = 2 and s = 1, i.e. Vxp is semistable, 
and F*{Vxp) is not semistable and has strongly semistable HN filtration 
and 

a,{Vxp) = f^iVxp) + - and a^l^xj = fiiVx,) - - 
p p 

In particular HHxiVxp) = 2/i(VxJ2 _^ ^_ 

(2) ifp = ± — 2(9) andp » then / = 2 and s = 2, i.e. F*Vxp is semistable, 
and F'^*{Vxp) is not semistable and has strongly semistable HN filtration 
and 

1 1 
ai(VxJ = ^(^xj + ^ and a2(VxJ = /^(^xj - ^ 

In particular fiHK{Vxp) = 2^{Vxpf + p:. 

In particular, for p >> the numbers ai(Vxp) 0-2 (Vxp) do not eventually be- 
come constant or a well defined function of p, but keep oscillating and converge 
io^i{Vx). 
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